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Abstract
Let T be a (p, k)-quasihyponormal operator on a complex Hilbert space, i.e.,
T ∗k((T ∗T )p − (T T ∗)p)T k  0 for a positive number 0 < p  1 and a positive integer k.
Let λ0 be an isolated point of σ(T ) and E the Riesz idempotent for λ0. In this paper, we prove
that (1) if λ0 /= 0, then E is self-adjoint and EH = ker(T − λ0) = ker((T − λ0)∗), (2) if
λ0 = 0, then EH = ker(T k).
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1. Introduction
Let H be a complex Hilbert space and B(H) be the set of all bounded linear
operators on H.
Definition 1. T ∈ B(H) is said to be (p, k)-quasihyponormal if
T ∗k((T ∗T )p − (T T ∗)p)T k  0
for a positive number 0 < p  1 and a positive integer k.
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A (p, k)-quasihyponormal operator for a positive number 0 < p  1 and a posit-
ive integer k is an extension of p-hyponormal operator, i.e., (T ∗T )p − (T T ∗)p  0,
k-quasihyponormal operator, i.e., T ∗k(T ∗T − T T ∗)T k  0 and p-quasihyponormal
operator, i.e., T ∗((T ∗T )p − (T T ∗)p)T  0. A 1-hyponormal operator is called a
hyponormal operator, which has been studied by many authors and it is known that
hyponormal operators have many interesting properties similar to those of normal
operators (see [15]). A. Aluthge, B.C. Gupta, A.C. Arora and P. Arora introduced
p-hyponormal, k-quasihyponormal and p-quasihyponormal operators, respectively
(see [1,2,3]), and now it is known that these operators have many interesting prop-
erties (see [4,8,12,13]). It is obvious that p-hyponormal operators are q-hyponor-
mal for 0 < q  p by Löwner–Heinz’s inequality [6,9]. But (p, 1)-quasihyponormal
operators are not always (q, 1)-quasihyponormal for 0 < q  p [14]. Also, it is
obvious that (p, k)-quasihyponormal operators are (p, k + 1)-quasihyponormal.
In this paper we investigate properties of the Riesz idempotent of a (p, k)-quasi-
hyponormal operator. Let T ∈ B(H) and λ0 an isolated point of σ(T ). Then there
exists a positive number r > 0 such that
{λ ∈ C : |λ− λ0|  r} ∩ σ(T ) = {λ0}.
Let
E = 1
2π i
∫
|λ−λ0|=r
(λ− T )−1 dλ.
E is called the Riesz idempotent for λ0, and E satisfies E2 = E, ET = T E,
σ(T |EH) = {λ0} and ker((T − λ0)n) ⊂ EH for all positive integers n. It is known
that if T is hyponormal, then E is self-adjoint and EH = ker(T − λ0) = ker((T −
λ0)∗) (see [11]). The authors [4] proved thatp-hyponormal, log-hyponormal operators
have the same property. Also, the authors [12] proved that (1)p-quasihyponormal oper-
ators have the same property if λ0 /= 0, (2) but do not have this property if λ0 = 0.
Recently, In Hyoun Kim [7] introduced (p, k)-quasihyponormal operators and proved
Putnam’s inequality and Weyl’s theorem for (p, k)-quasihyponormal operators.
We think that (p, k)-quasihyponormal operators are interesting. Let T be a (p, k)-
quasihyponormal operator. In this paper, we prove that (1) if λ0 /= 0, then E is
self-adjoint and EH = ker(T − λ0) = ker((T − λ0)∗), (2) if λ0 = 0, then EH =
ker(T k).
2. Results
The following result is due to Kim [7].
Proposition 2 [7]. Let T ∈ B(H) be a (p, k)-quasihyponormal operator for 0 <
p  1 and a positive integer k. Let the range T kH is not dense and
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T =
(
T1 T2
0 T3
)
onH = [T kH] ⊕ ker((T ∗)k) where [T kH] denotes the closure of the range T kH.
Then T1 is p-hyponormal, T k3 = 0 and σ(T ) = σ(T1) ∪ {0}.
Lemma 3. Let T ∈ B(H) be a (p, k)-quasihyponormal operator for 0 < p  1
and a positive integer k. If λ /= 0 and (T − λ)x = 0 for some x ∈H, then (T −
λ)∗x = 0.
Proof. Let H0 be a span of {x}. Then H0 is an invariant subspace of T and
T =
(
T1 T2
0 T3
)
on H =H0 ⊕H⊥0 .
Let Q be the orthogonal projection of H onto H0. Then T1 = λ and
(T ∗1 T1)p = (QT ∗TQ|H0)p = (QT ∗TQ)p|H0  Q(T ∗T )pQ|H0
by Hansen’s inequality [5]. On the otherhand
(T1T
∗
1 )
p = (TQT ∗|H0)p = (TQT ∗)p|H0  Q(T T ∗)pQ|H0
by Löwner–Heinz’s inequality [6,9]. Hence(
(T ∗1 T1)p 0
0 0
)
 Q(T ∗T )pQ  Q(T T )∗pQ 
(
(T1T
∗
1 )
p 0
0 0
)
.
Hence
(T T ∗)p =
(|λ|2p A
A B
)
.
Let (T T ∗)
p
2 =
(
X Y
Y ∗ Z
)
. Then
(
X 0
0 0
)
= Q(T T ∗) p2 Q  Q(TQT ∗) p2 Q =
(|λ|p 0
0 0
)
.
Hence X  |λ|p. Since
(T T ∗)p =
(
X Y
Y ∗ Z
)(
X Y
Y ∗ Z
)
=
(
X2 + YY ∗ XY + YZ
Y ∗X + ZY ∗ Y ∗Y + Z2
)
,
we have X2 + YY ∗ = |λ|2p and
|λ|p =
√
X2 + YY ∗  X  |λ|p.
Hence Y = 0. Hence (T T ∗) p2 =
(|λ|p 0
0 Z
)
and T T ∗ =
(|λ|2 0
0 Z
2
p
)
. On the
otherhand we have
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T T ∗ =
(
T1 T2
0 T3
)(
T ∗1 0
T ∗2 T ∗3
)
=
(|λ|2 + T2T ∗2 T2T ∗3
T3T ∗2 T3T ∗3
)
.
Hence T2 = 0. Thus
(T − λ)∗x =
(
0 0
0 (T3 − λ)∗
)(
x
0
)
= 0. 
Theorem 4. Let T ∈ B(H) be a (p, k)-quasihyponormal operator for 0 < p  1
and a positive integer k. Then the following assertions hold.
(1) ‖T nx‖2  ‖T n−1x‖‖T n+1x‖ for all unit vectors x ∈H and all positive inte-
gers n  k.
(2) If T n = 0 for some positive integer n  k, then T k = 0.
(3) ‖T n‖n  ‖T n−1‖nr(T n) for all positive integers n  k, where r(T n) denotes
the spectral radius of T n.
Proof. (1) Since it is obvious that (p, k)-quasihyponormal operators are (p,
k + 1)-quasihyponormal, we may assume that k = n. Since
〈T ∗k(T T ∗)pT kx, x〉=〈(T ∗T )p+1T k−1x, T k−1x〉
‖T k−1x‖−2p〈(T ∗T )T k−1x, T k−1x〉p+1
=‖T k−1x‖−2p‖T kx‖2p+2,
and
〈T ∗k(T ∗T )pT kx, x〉=〈(T ∗T )pT kx, T kx〉
‖T kx‖2−2p〈(T ∗T )T kx, T kx〉p
=‖T kx‖2−2p‖T k+1x‖2p
by Hölder–McCarthy’s inequality [10], we have
‖T kx‖2  ‖T k−1x‖‖T k+1x‖.
(2) If T k+1 = 0, then T k = 0 by (1). The rest of the proof is similar.
(3) We may assume that k = n, hence we prove
‖T k‖k  ‖T k−1‖kr(T k).
If T n = 0 for some n > k, then T k = 0 and in this case r(T k) = 0. Hence (3) is
obvious. Hence we may assume T n /= 0 for all n  k. Then
‖T k‖
‖T k−1‖ 
‖T k+1‖
‖T k‖ 
‖T k+2‖
‖T k+1‖  · · · 
‖T mk‖
‖T mk−1‖
by (1), and we have( ‖T k‖
‖T k−1‖
)mk−k−1
 ‖T
k‖
‖T k−1‖ ×
‖T k+1‖
‖T k‖ × · · · ×
‖T mk‖
‖T mk−1‖ =
‖T mk‖
‖T k−1‖ .
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Hence( ‖T k‖
‖T k−1‖
)k− k
m
+ 1
m
 ‖T
mk‖ 1m
‖T k−1‖ 1m
.
Thus we have the conclusion by letting m→∞. 
Remark. If k = 1, (3) implies ‖T ‖ = r(T ). (See [8].)
Lemma 5. Let T ∈ B(H) be a (p, k)-quasihyponormal operator for 0 < p  1
and a positive integer k. IfY ⊂H is an invariant subspace of T , then the restriction
T |Y is also (p, k)-quasihyponormal.
Proof. Let Q be the orthogonal projection of H onto Y and T1 = T |Y. Then
(T ∗1 T1)p = (QT ∗TQ|Y)p = (QT ∗TQ)p|Y 
{
Q(T ∗T )pQ
} |Y
by Hansen’s inequality [5] and
(T1T
∗
1 )
p = (TQT ∗|Y)p = (TQT ∗)p|Y 
{
Q(T T ∗)pQ
} |Y
by Löwner–Heinz’s [6,9] inequality. Hence
T ∗1
k
(T ∗1 T1)pT k1 T ∗k1
{
Q(T ∗T )pQ
} |YT k1
T ∗k1
{
Q(T T ∗)pQ
} |YT k1  T ∗1 k(T1T ∗1 )pT k1 .
Let y ∈ Y. Then〈
T ∗1
k {
(T ∗1 T1)p − (T1T ∗1 )p
}
T k1 y, y
〉

〈
T ∗1
k {
Q(T ∗T )pQ|Y −Q(T T ∗)pQ
}∣∣
Y T
k
1 y, y
〉
=
〈
Q
{
(T ∗T )p − (T T ∗)p}Q|YT k1 y, T k1 y〉
=
〈{
(T ∗T )p − (T T ∗)p} T ky, T ky〉  0. 
Theorem 6. Let T ∈ B(H) be a (p, k)-quasihyponormal operator for 0 < p 
1 and a positive integer k. Let λ0 be an isolated point of σ(T ) and E the Riesz
idempotent for λ0. Then the following assertions hold.
(1) If λ0 /= 0, then E is self-adjoint and
EH = ker(T − λ0) = ker((T − λ0)∗).
(2) If λ0 = 0, then EH = ker(T k).
Proof. (1) If the range T kH is dense, then T is p-hyponormal. Hence we may
assume T kH is not dense by [4]. Since
T =
(
T1 T2
0 T3
)
on H = [T kH] ⊕ ker(T ∗k)
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and σ(T ) = σ(T1) ∪ {0}, we have λ0 ∈ σ(T1). Then
E= 1
2π i
∫
γ
(
λ− T1 −T2
0 λ− T3
)−1
dλ
= 1
2π i
∫
γ
(
(λ− T1)−1 (λ− T1)−1T2(λ− T3)−1
0 (λ− T3)−1
)
dλ,
where γ denotes the boundary of a closed disc  = {λ ∈ C : |λ− λ0|  r} such that
0 /∈  and ∩ σ(T ) = {λ0}. LetE1 = 12π i
∫
γ
(λ− T1)−1 dλ be the Riesz idempotent
of T1 for λ0. Then E1 is self-adjoint and E1[T kH] = ker(λ0 − T1) = ker((λ0 −
T1)
∗) by Proposition 2 and [4]. We prove
X = 1
2π i
∫
γ
(λ− T1)−1T2(λ− T3)−1 dλ = 0.
Since T k3 = 0,
(λ− T3)−1 = 1
λ
+ T3
λ2
+ T
2
3
λ3
+ · · · + T
k−1
3
λk
.
Hence
X= 1
2π i
∫
γ
(λ− T1)−1T2 1
λ
dλ+ 1
2π i
∫
γ
(λ− T1)−1T2 T3
λ2
dλ+ · · ·
+ 1
2π i
∫
γ
(λ− T1)−1T2 T
k−1
3
λk
dλ
=X0 +X1 + · · · +Xk−1.
Since
1
λ
= 1
λ0
− λ− λ0
λ20
+ (λ− λ0)
2
λ30
− · · · ,
we have
X0= 12π i
∫
γ
(λ− T1)−1T2 1
λ0
dλ− 1
2π i
∫
γ
(λ− T1)−1T2 λ− λ0
λ20
dλ+ · · ·
= 1
λ0
E1T2 − 1
λ20
(T1 − λ0)E1T2 + 1
λ30
(T1 − λ0)2E1T2 − · · ·
We prove
E1T2 = 0.
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Let x ∈ [T kH] and y = E1x. Then y ∈ ker(λ0 − T1) = ker((λ0 − T1)∗) by [4].
Since
(λ0 − T )
(
y
0
)
=
(
λ0 − T1 −T2
0 λ0 − T3
)(
y
0
)
=
(
(λ0 − T1)y
0
)
=
(
0
0
)
,
we have
0=(λ0 − T )∗
(
y
0
)
=
(
(λ0 − T1)∗ 0
−T ∗2 (λ0 − T3)∗
)(
y
0
)
=
(
(λ0 − T1)∗y
−T ∗2 y
)
.
Hence T ∗2 y = T ∗2 E1x = 0. This implies T ∗2 E1 = 0 and E1T2 = 0. Hence X0 = 0.
Since
1
λ2
= 1
λ20
− 2(λ− λ0)
λ30
+ 3(λ− λ0)
2
λ40
− · · · ,
we have
X1= 12π i
∫
γ
(λ− T1)−1T2 T3
λ2
dλ
= 1
λ20
E1T2T3 − 2
λ30
(T1 − λ0)E1T2T3 + 3
λ40
(T1 − λ0)2E1T2T3 − · · ·
=0.
Similarly we have X2 = X3 = · · · = Xk−1 = 0 and X = 0.
Hence
E =
(
E1 0
0 0
)
is self-adjoint and
EH= E1[T kH] ⊕ {0}
= ker(T1 − λ0)⊕ {0} = ker((T1 − λ0)∗)⊕ {0}.
Let x ∈ EH. Then x = (x10 ) where x1 ∈ ker(T1 − λ0). Hence
(T − λ0)x =
(
T1 − λ0 T2
0 T3 − λ0
)(
x1
0
)
=
(
(T1 − λ0)x1
0
)
= 0.
Hence EH = ker(T − λ0).
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We prove ker(T − λ0) = ker((T − λ0)∗). Since ker(T − λ0) ⊂ ker((T − λ0)∗)
by Lemma 3, we have to prove ker((T − λ0)∗) ⊂ ker(T − λ0). Let x =
(
x1
x2
)∈
ker((T − λ0)∗). Then
0=(T − λ0)∗x =
(
(T1 − λ0)∗ 0
T ∗2 (T3 − λ0)∗
)(
x1
x2
)
=
(
(T1 − λ0)∗x1
T ∗2 x1 + (T3 − λ0)∗x2
)
.
Hence x1 ∈ ker((T1 − λ0)∗) = ker(T1 − λ0). Since
(T − λ0)
(
x1
0
)
=
(
T1 − λ0 T2
0 T3 − λ0
)(
x1
0
)
=
(
(T1 − λ0)x1
0
)
= 0,
we have
0 = (T − λ0)∗
(
x1
0
)
=
(
(T1 − λ0)∗x1
T ∗2 x1
)
by Lemma 3. Hence T ∗2 x1 = 0. This implies (T3 − λ0)∗x2 = 0 and x2 = 0 because
T3 is nilpotent. Thus
x =
(
x1
0
)
∈ ker(T1 − λ0)⊕ {0} = EH = ker(T − λ0).
(2) Since ker(T k) ⊂ EH, we have to proveEH ⊂ ker(T k). It is known thatEH
is an invariant subspace of T and σ(T |EH) = {0}. Hence T |EH is (p, k)-quasihyp-
onormal by Lemma 5 and
‖(T |EH)k‖k  ‖(T |EH)k−1‖kr((T |EH)k) = 0
by Theorem 4. Hence
(T |EH)k = T k|EH = 0.
This implies EH ⊂ ker(T k). 
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